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Piecewise polynomials over triangles and tetrahedrons have applications in several branches ranging from
finite element analysis, surfaces in computer aided design... The smoothness on tetrahedrons is obtained either
by high degrees of polynomials or using smaller degrees when splitting the tetraehedron into smaller pieces.

Here we consider the Alfeld split [1] which generalizes the Clough–Tocher split [2] of a triangle. To describe

it, let Ts := ⟨{p1,p1, . . . ,ps+1}⟩ be a simplex in Rs. Using the barycenter pTs
:=

∑s+1
j=1 pj/(s+1), we can split

Ts into s + 1 subsimplices Ts,j := ⟨{p1, . . . ,ps+1,pT \ {pj}⟩, j = 1 . . . , s + 1. On Ts we consider the linear
space of C1 piecewise polynomials of degree d ∈ N0

S1d,s := {f ∈ C 1(Ts) : f|Ts,j
∈ Pd(Rs), j = 1 . . . , s+ 1}.

We denote by [i; ℓ] : Rs → R the simplex spline with multiple knots {p[i1]
1 , . . . ,p

[is+1]
s+1 ,p

[ℓ]
T }, where the

multiplicity vector i = (i1, . . . , is+1) has nonnegative integer components. Generalizing [3], we consider degrees
d = 2s− 1 and construct a basis for S12s−1,s consisting of simplex-splines [i; ℓ] for suitable i and ℓ.

The first argument about the dimension was shown in [4], i.e. for d ∈ N0

dim
(
S1d,s

)
=

(
d+ s

s

)
+ s

(
d− 1

s

)
.

Secondly, we focus on two types of elements of S12s−1,s.

• Type (0): the elements corresponding to Bernstein polynomials (i; ℓ) = B2s−1
i−1 with ℓ = 0 and at least

one ij is equal to one ,

• Type (1): the elements (i; ℓ) with ℓ > 0, exactly one of the ij = 1 and the others ik ≥ 2.

Theorem: The set of elements of type (0) and (1) is a basis of S12s−1,s

The theorem is completed by propositions on Marsden Identities and Domain Points.
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